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The string theory description of BPS states in D-brane world-volume field theories
may undergo transitions from open strings to string webs, as well as between different
string webs, as one moves in the field theory moduli space. These transitions are driven
by the string creation phenomenon. We demonstrate such transitions in the D3-brane
realization of N = 2 SU(2) Super-Yang-Mills theory.




In type IIB string theory there exists an SL(2, Z) multiplet of strings labeled by their NSNS
and RR charges (p, q) [1, 2]. These strings are allowed to connect at a point or a \junction"
as long as charge is conserved at the junction [3, 4]. Of particular interest are BPS saturated
junctions [5, 6], which preserve a fraction (1/4) of the supersymmetry, and are therefore
guaranteed to be stable.
Recent interest in string webs has focused on their application to quantum eld theory [7,
8, 9, 10, 11]. One of the successes of string web technology was the rst explicit construction
of 1/4 BPS states in N = 4 SU(Nc) Super-Yang-Mills (SYM) theory [8]. In this example the
dilaton and axion of type IIB string theory are constant, and it is relatively straightforward
to analyze the BPS properties of string webs. A richer set of examples involve a dilaton
and axion which are position dependent due to the presence of 7-branes in the background.
However, the BPS nature of string webs has only been analyzed in the 7-brane background
corresponding to pure N = 2 SU(2) SYM so far [9, 11]. These examples display a number of
interesting phenomena including \marginal stability", whereby space (moduli space in the
world-volume eld theory) may contain regions in which string webs fail to be BPS. In this
paper we study another interesting phenomenon, in which the stringy description of a BPS
state may undergo a transition, as one moves in moduli space, from either a single open
string or a string web, to another string web.
In a recent paper we showed how to represent BPS states in N = 2 SU(2) SYM theory
using string webs [9]. The eld theory is constructed as the world volume theory of a D3-
brane in a 7-brane background. BPS states correspond to string webs with one (or two in
the case of vector multiplets) string ending on the D3-brane and the others on the 7-branes.
Here we show how in dierent regions of moduli space the string conguration representing
a BPS state changes from a string web to either a dierent string web or to a single string.
These transitions are driven by the string creation phenomenon [12, 13, 14, 15], which we
generalize here to multiple string creation between (p, q) 7-branes and (r, s) strings. This
also allows us to generalize to some extent the \s-rule" [16], which limits the number of
strings that can link a 7-brane and another string.
Transitions of the type addressed here were rst discussed in [17] for the case where all
strings end on 7-branes. A closely related paper [18] argues that for any given conguration
of 7-branes a BPS state has a unique stringy representative.
The results presented here, aside from their application to N = 2 theories, are of inde-
pendent interest in string theory. In fact, the 3-brane plays little role in what follows except
to give strings a place to end.
The rest of the paper is organized as follows. In section 2 we review and generalize the
string creation eect and the s-rule. In section 3 we express the supersymmetry conditions
on strings and string webs in terms of (p, q)-geodesics and geodesic webs, and relate the
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latter to constant phase curves of analytic functions. In section 4 we show that the complex
plane (moduli space) is divided into four regions, and exhibit the transitions that occur as
one moves from one region to another. We include an appendix, in which we give relevant
information about the analytic functions in question, including a few numerically obtained
constant phase curves.
2 String creation and the “s-rule”
When a Dp-brane crosses a mutually transverse D(8−p)-brane a fundamental string, whose
ends terminate on the two D-branes, is created. This phenomenon was originally discovered
in [12, 13, 14], and is related by a chain of dualities to the creation of D3-branes between
crossing 5-branes [16]. It has since been exhibited in a number of dierent ways [15]. For
p = 1 the eect involves a D1-brane, i.e. (0, 1) string, and a D7-brane, i.e. (1, 0) 7-brane1, in
type IIB string theory. When the branes cross each other, a (1, 0) string is created between
them. By SL(2,ZZ) invariance one can generalize this result to the creation of a single (p, q)
string between a (p, q) 7-brane and an (r, s) string, where jps− qrj = 1.
If jps− qrj > 1 the conguration cannot be related by duality to any of the above, and
the arguments in [12, 13, 14, 15] are not applicable. Nevertheless, it is straightforward to
generalize the string creation phenomenon to an arbitrary (p, q) 7-brane and an arbitrary
(transverse) (r, s) string. We associate a branch cut to the (p, q) 7-brane in the transverse




−q2 1 + pq
)
. (2.1)
When an (r, s) string living in the transverse plane crosses this cut in a counter-clockwise





















The asymptotic charges of the string are therefore (r, s) at one end, and (r, s) + (ps −
qr)(p, q) at the other (g. 1a). These cannot change as we pull the string through the 7-
brane. However, since now the string does not cross the cut, something else must supply
the additional charge. We conclude then that jps− qrj (p, q) strings are created between the
string and the 7-brane, oriented in such a way as to conserve the charges (g. 1b).
In the special case of jps− qrj = 1 we obtain the known result of single string creation.
For jps− qrj > 1 one can use SL(2,ZZ) to relate the system to a (1, 0) 7-brane and an (r0, s0)








Figure 1: Multiple string creation in (p, q) 7-brane { (r, s) string background.
string. One can then think of the (r0, s0) string as a bound state of js0j D-strings with r0 units
of electric flux. Each of the D-strings will create a (1, 0) string when it crosses the 7-brane,
giving a total of js0j = jps− qrj strings.
The orientation of the created strings is determined by charge conservation, but is also
restricted by supersymmetry. Consider the case of D-branes. The initial conguration,
consisting of a D7-brane and a transverse D-string, is supersymmetric, and therefore the nal
conguration must also be supersymmetric. On the other hand it can be shown [14] that such
a conguration will only be supersymmetric if the fundamental string is oriented in the right
way. It is a matter of convention which of the two orientations preserves supersymmetry. The
important point is that only one of them does. Charge conservation in the string creation
process xes this convention, and gives us the unique supersymmetric orientation.
This leads to a non-trivial selection rule, known as the \s-rule" [16], for congurations of
7-branes and transverse strings, and congurations related to them by dualities. Consider a
conguration of n fundamental strings between a D7-brane and a transverse D-string (g. 2a).
Supersymmetry restricts the orientation of the fundamental strings. As the D-string crosses
the D7-brane two things happen: the n fundamental strings reverse orientation, and a single
fundamental string oriented supersymmetrically is created. The latter will annihilate with
one of the former, leaving n − 1 strings which are oriented so as to break supersymmetry
(g. 2b). The nal conguration is therefore not supersymmetric, and therefore neither is
the initial conguration, even though it seemed to be. We conclude that supersymmetry
restricts not only the orientation of strings between the branes, but also their number. In
the above case there can be at most one fundamental string between a D7-brane and a D-
string. More generally, the maximum number of (p, q) strings between a (p, q) 7-brane and
an (r, s) string allowed by supersymmetry is jps− qrj.
In the case of jps− qrj = 1 there are other ways of deriving this rule [19]. In particular,
in the dual conguration of a D0-brane and a D8-brane the \s-rule" can be understood as a
Pauli exclusion principle, since the ground state of a 0-8 string corresponds to a single fermion
in the D0-brane world-volume. Alternatively, in the D2?D6 conguration one can derive
the \s-rule" by lifting to M-theory, and nding all the holomorphic curves corresponding to









Figure 2: The conguration in (a) appears to be supersymmetric, but is not if n > jps− qrj,
as can be seen from the conguration in (b), which is obtained by crossing the branes.
As an application of this selection rule let us consider a conguration of a (1, 0) 7-brane,
a (2, 1) 7-brane, and a (0, 1) 7-brane, connected by a \3-string junction" consisting of two
(1, 0) strings, a (2, 1) string, and a (0, 1) string (g. 3b). Since the (2, 1) and (0, 1) 7-branes
can be thought of as the quantum resolution of an orientifold 7-plane [20], this conguration
corresponds to the quantum resolution of a string which begins on the D7-brane, reflects
o the orientifold plane, and ends on the D7-brane (g. 3a). (In the covering space this
becomes a string between the D7-brane and its image). In this classical description, the
usual massless (vector) ground state of the string is removed by the orientifold projection,
leaving a massive non-BPS ground state. This state is extremal in the sense that it is the
lowest mass charged state.
In the quantum picture this is understood as follows. The conguration in (g. 3b)
violates the \s-rule", since it contains two (1, 0) strings between the D7-brane and the (0, 1)
string. It therefore breaks supersymmetry, and the corresponding state is non-BPS.
One can compare this to the situation in which the D7-brane is replaced by a D3-brane.
In this case the massless vector survives the orientifold projection, and leads to an enhanced
gauge symmetry Sp(1)  SU(2) when the D3-brane coincides with the orientifold 7-plane.











Figure 3: The supersymmetric ground state is removed from the spectrum by the orientifold
projection in the classical picture (a), and by the s-rule in the quantum picture (b).
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3 Geodesics and geodesic webs
A (p, q)-geodesic between points A and B is dened as the path which minimizes the mass





where T(p,q) = (Imτ)
−1/2jp+qτ j. Since the geodesic is independent of the overall sign of (p, q)
we shall assume, without loss of generality, that p  0. In a generic 7-brane background τ
is position-dependent, and in fact undergoes monodromies as branch cuts are crossed. The
metric on the transverse (complex) plane is given by [21]
ds2 = Imτ jf(z)dzj2 , (3.2)
and is smooth everywhere. The function f(z) is determined by the 7-brane background.
One can dene a flat \(p, q)-metric"
ds(p,q) = T(p,q)ds = j(p + qτ)f(z)dzj , (3.3)
and thereby coordinates w(p,q) given by
dw(p,q) = (p + qτ)f(z)dz , (3.4)
in which (p, q)-geodesics are straight lines,
w(p,q)(t) = ct + d . (3.5)
A necessary condition for (p, q) strings to preserve supersymmetry is that they lie along (p, q)
geodesics [22]. If in addition the 7-brane background is supersymmetric, this is a sucient
condition.
Multi-pronged strings, and more generally string webs (which can include several junc-
tions and internal strings), arise quite naturally in type IIB string theory. The simplest
example corresponds to the conguration of a fundamental string ending on a D-string. By
charge conservation, this turns the D-string into a (1, 1) string, and one ends up with a
((1, 0), (0, 1), (1, 1)) three-pronged string. Due to the SL(2,ZZ) symmetry of type IIB string
theory there is actually an entire SL(2,ZZ) multiplet of such objects, each of which satis-




qi = 0. By gluing several of these objects
together one can form a rich variety of string webs.
A necessary condition for a string web to preserve supersymmetry is that it lies on a
geodesic web. Geodesic webs consist of several connected (p, q)-geodesics,
w(pi,qi)(ti) = citi + di , (3.6)
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such that the phases of ci are the same for all i, i.e.
ci = e
iφjcij . (3.7)
This reduces to the usual angle conditions in flat space [5, 6]. This is not a sucient condition
however, as the string web may violate the \s-rule" (or a generalization of it given in [11]),
as in the example of the previous section.
The background of interest consists of a (0, 1) 7-brane at z = 1 and a (2, 1) 7-brane at
z = −1. The metric on the complex plane is given by
ds2 = 2Imτ
∣∣∣η2(τ)(z − 1)−1/12(z + 1)−1/12dz∣∣∣2 , (3.8)
where we have set 82 = 1 as compared to [9]. We shall choose the branch cuts associated
to the (0, 1) and (2, 1) 7-branes to run along the real axis from z = 1 to z = −1, and from
z = −1 to z = −1, respectively. The monodromies associated with the cuts along [−1,−1]











As a result, the charge of the 7-brane at z = −1 is (2, 1) when viewed from above the cut,
and (2,−1) when viewed from below the cut.
The above metric is related to the solution of N = 2 SU(2) SYM [24] as follows [20]:
T(p,q)ds = jpda + qdaDj , (3.10)
where a(z) and aD(z) are given by integrals of the meromorphic Seiberg-Witten dierential
over the two cycles of the auxiliary Riemann surface. These can be expressed in terms of
hypergeometric functions (eq. (A.1), appendix). Comparing with (3.3) and (3.4) we see that
the coordinates in which a (p, q) geodesic is straight are given by
w(p,q) = pa(z) + qaD(z) . (3.11)
The connection with N = 2 SYM is not a coincidence, and in fact follows by considering a
D3-brane probe in the above background [23]. In particular, the BPS states are realized as
strings ending on the D3-brane [22]. By supersymmetry, these strings should lie on geodesics
given by
pa(z(t)) + qaD(z(t)) = ct + d , (3.12)
where z(0) is the position of the D3-brane. Note however that (p, q) and (a, aD) undergo
monodromies as one crosses branch cuts. We therefore dene smooth multi-valued functions
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~a(z) and ~aD(z) by analytic continuation. In terms of these, the geodesic equation (3.12)
holds across cuts as well.
The BPS spectrum of N = 2 SU(2) SYM in the weakly coupled regime consists of W -
boson vector multiplets carrying charges (2, 0), and dyon hypermultiplets carrying charges
(2n,1). The corresponding geodesics would have to be given by:
1. A (1, 0)-geodesic that begins on the D3-brane, goes around the two 7-branes, and
ends on the D3-brane,
2~a(z(t)) = c(t− 1/2) . (3.13)
2. (2n,1)-geodesics that begin on the D3-brane and end on one of the 7-branes,
2n~a(z(t)) ~aD(z(t)) = c(t− 1) . (3.14)
In both cases there is a single complex parameter c. These geodesics are therefore given by
constant phase curves (CPC) of the appropriate analytic function appearing on the left hand
side of (3.13) and (3.14). In order to end on either 7-brane, a geodesic of the second kind with
n > 1 would have to cross the cut along [−1,−1] (and thereby undergo the monodromy
M1) n/2 times if n is even, and (n − 1)/2 times if n is odd, without ever crossing the cut
along [−1, 1] (where it would undergo the monodromy M(0,1)).
Alternatively, the same states (with the exception of n = 0, 1 in the second case) could
also be described by string webs connecting all three branes, and lying on geodesic webs
consisting of three geodesics [9]. If we denote the positions of the D3-brane and junction by
z3 and z0 respectively, the appropriate webs are given by
~aD(z(t1)) = ~aD(z0)t1






for the W -boson, and
~aD(z(t1)) = ~aD(z0)t1
[2~a + ~aD](z(t2)) = [2~a + ~aD](z0)t2 (3.16)
[2n~a ~aD](z(t3)) =
(
[2n~a ~aD](z0)− [2na aD](z3)
)
t3 + [2na aD](z3)
for the dyons. In the above we have assumed that the geodesics begin on the branes and
end at the junction, so ti = 0 corresponds to the position of the (0, 1) 7-brane, (2, 1) 7-
brane, and D3-brane for i = 1, 2, 3 respectively, and ti = 1 to the position of the junction.
Consequently, we can drop the tilde from the functions evaluated at the positions of the
branes. Note that the equations are independent of the positions of the 7-branes, since the
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> −2 , (3.17)








for the W -boson, and
Im
2na(z3) aD(z3)
2n~a(z0) ~aD(z0) = 0 ,
2na(z3) aD(z3)
2n~a(z0) ~aD(z0) > 1 , (3.19)
for the dyons. The conditions in (3.17) imply that the junction (z0) must lie on the curve
of marginal stability CM (see appendix for denition of CM ). The rst condition in (3.18),
implies that the third geodesic in (3.15) i.e. the one beginning at the D3-brane (z3) and
ending at the junction (z0), is a CPC of the function ~a(z). Similarly, the rst condition in
(3.19) implies that the third geodesic in (3.16) is a CPC of the function 2n~a(z)~aD(z). The
second condition in both (3.18) and (3.19) implies that the D3-brane must lie outside CM
(see appendix B of [9]). Since the the other two geodesics begin on 7-branes, they too are
CPC’s, and we conclude that the entire geodesic web consists of three CPC’s of equal phase,
which begin at the location of the branes and end at a common point on CM .
4 Transitions
Uniqueness of the BPS state demands that there be only one string conguration which
describes it at a given point in moduli space. This can either be a single string on a smooth
geodesic, or a string web on a geodesic web. As the above geodesics and geodesic webs are
associated with CPC’s of analytic functions, one can determine their existence by studying
these curves. Specically, one is interested in CPC’s of the functions ~a(z) and 2n~a(z)~aD(z).
These can be determined numerically from the explicit expressions (A.1) for a, aD. We have
plotted CPC’s of the single-valued functions a(z) and 2na(z)  aD(z) for a few values of n
using Mathematica (g. 6, appendix). The CPC’s of the corresponding smooth functions ~a(z)
and 2n~a(z)  ~aD(z) are obtained by gluing those of the appropriate single-valued functions
at the cuts.
From gure 6 it is apparent that all the CPC’s of a(z) intersect CM , and then proceed to
intersect the cut along [−1, 1]. A closed geodesic which goes around both 7-branes therefore
does not exist. This has also been shown in a dierent way in [17] and in [9]. On the other
hand, since all the CPC’s cross CM before crossing any cuts, there exists a geodesic web of
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the form (3.15) everywhere outside CM [9]. This is consistent with the observation that the
W -boson is stable everywhere outside CM .
The CPC’s of aD(z) and 2a(z)  aD(z), i.e. n = 0, 1, all end on the corresponding 7-
brane. This means that there exists a geodesic starting at any point in the complex plane
and ending on the appropriate 7-brane. This is consistent with the observation that the
corresponding BPS states exist everywhere in moduli space.
For n  2 the moduli space is divided according to the behavior of the CPC’s into four
distinct regions, which are separated by CM , the cut along [−1,−1], and the two CPC’s
corresponding to φ = 0 and φ = pi/2 (g. 4).
 In region I (inside CM) CPC’s intersect the cut along [−1, 1]. As this would imply
a monodromy M(0,1), (2n,1)-geodesics with n  2 do not exist in this region (this
has also been shown in [25]). In addition, geodesic webs can only exist when the D3-
brane is outside CM , so they too do not exist in region I. This is consistent with the
observation that there are no BPS dyons with n  2 inside CM .
 In regions II and III CPC’s intersect the lower half and upper half of CM , respectively.
They then proceed to intersect the cut along [−1, 1]. Smooth geodesics therefore do
not exist. In these regions the BPS states are represented by string webs with a single
junction point located on CM . Since the charge of the 7-brane at z = −1 is dierent in
the upper and lower half planes, the appropriate string webs will be dierent in regions
II and III as well.
 In region IV CPC’s intersect the cut along [−1,−1]. The string therefore undergoes
the monodromy M1. For n = 2 it becomes a (0, 1) string which then follows a (0, 1)
geodesic ending on the (0, 1) 7-brane at z = 1. For n > 2 the (2n,1) geodesic in
region IV becomes a (2n − 4,1) geodesic in region II, which in turn intersects the
lower half of CM . These states are therefore represented by string webs.
As the D3-brane moves from one region to another one expects transitions between
dierent string webs which represent the same BPS state. In the particular case of the (4, 1)
dyon we expect a transition from a single string to a ((4, 1), 2(2, 1), (0, 1)) string web as the
D3-brane crosses the φ = pi/2 contour, and a transition from a ((4, 1), 2(2, 1), (0, 1)) web to
a ((4, 1), 2(2,−1), 3(0, 1)) web as it crosses the φ = 0 contour (gure 5). From the discussion
in section 2 we see that this is precisely what happens. When the (4, 1) string crosses the
(2, 1) 7-brane at z = −1 two (2, 1) strings are created, leading to the rst transition. As
the D3-brane moves towards the φ = 0 contour the junction point slides along CM , until it
coincides with the (0, 1) 7-brane at z = 1 when the D3-brane is on the φ = 0 contour. At
this point the (4, 1) string crosses the (0, 1) 7-brane, thereby creating four (0, 1) strings. One
of these annihilates with the original (0, 1) string which has reversed orientation, leaving the
required three. This is the second transition.
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Figure 4: Phase diagram for (2n, 1) dyons with n  2.














Figure 5: String ! Web and Web ! Web transitions for the (4, 1) dyon.
One can easily generalize this discussion for all the (2n,1) dyons with n  2. In each
case the string description undergoes two transitions at φ = 0, pi/2, which are associated
with crossing the two 7-branes.
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Appendix: Relevant functions and curves


































We choose the branch cuts (dashed lines in the gures) to run along the real axis from
z = −1 to z = −1 for a(z), and from z = 1 to z = −1 for aD(z). The values of the
functions at the branch points z = 1 are given by
a(1) = 2/pi, a(−1) = 2i/pi, aD(1) = 0, aD(−1) = −4i/pi , (A.2)
where the sign in a(−1) depends on whether one is just above the cut, or just below it.
These points lie on the curve of marginal stability, dened by
CM : ImaD(z)
a(z)
= 0 . (A.3)
This curve is dieomorphic to a circle centered at the origin. Denote the upper and lower
halves by C+M and C−M , respectively. It then follows from (A.2) that
On C+M : −pi  Arg(aD) = Arg(a)− pi  −pi/2
On C−M : −pi/2  Arg(aD) = Arg(a)  0 .
(A.4)
Consider functions of the form f(z) = pa(z) + qaD(z). We can assume, without loss of
generality, that p  0. For p > 0 we nd
On C+M :
{ −pi/2  Arg(f)  0 if p < 2q
0  Arg(f)  pi/2 if p  2q
On C−M :
{
0  Arg(f)  pi/2 if p < 2q
−pi/2  Arg(f)  0 if p  2q
(A.5)
Constant phase curves (CPC) are dened by
Arg(f(z)) = φ . (A.6)
If φ is in the above ranges the curve intersects CM and ends on the cut along [−1, 1]. Oth-
erwise it ends on the cut along [−1,−1] without intersecting CM . When we consider the
smooth continuation of f(z) using ~a and ~aD, the CPC’s continue across the cuts. In terms
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of a, aD, a CPC of the function pa(z) + qaD(z) connects smoothly at the cut to a CPC of a
function p0a(z) + q0aD(z), where (p0, q0) are related to (p, q) by the appropriate monodromy.









ln z + 3 ln 2− 2
]
. (A.7)
For q 6= 0 f(z) is dominated by aD, whose phase at innity varies over the range [0, pi].
Results of a quantitative analysis using Mathematica are shown in gure 6.









































































































Figure 6: CPC’s for (1, 0), (0, 1), (2,1), and (4, 1). The sign in the third case is (+) in the
upper half plane, and (−) in the lower half plane.
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